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ABSTRACT
The notion of perpetual operation using energy harvesting
sensor networks are usually crippled by the limited cycle life
of the rechargeable batteries (RB). Though the idea of com-
plementing the operation of RBs by using supercapacitors
(SCs) is not completely new, very little has been done to ef-
fectively model the energy dynamics in such hybrid energy
storage systems (HESS) of the future. The contribution of
this paper is to capture these dynamics, thereby enabling an
accurate prediction of the energy intake and consumption to
design future energy harvesting systems and to quantify the
performance of practical energy storage systems. Specifi-
cally, we propose a practical, dynamic energy model for a
wireless node that is based on a four-dimensional Markov
Chain. The proposed dynamic model emulates a quasi-
birth-death (QBD) process, in which random and unpre-
dictable sources of energy harvesting and routing requests
(i.e., packet arrivals) are considered. The outcome is a com-
pact analytical tool that is a first step in gaining insights
into the long-term performance metrics and energy usage
due to route participation and characteristics of an energy-
constrained wireless node.

Categories and Subject Descriptors
C.4 [Performance of Systems]: Modeling techniques; I.6.4
[Simulation and Modeling]: Model Validation and Anal-
ysis; I.6.5 [Simulation and Modeling]: Model Develop-
ment—modeling methodologies; J.2 [Computer Applica-
tions]: Physical Sciences and Engineering—electronics

Keywords
Markov chains, hybrid energy storage systems, energy har-
vesting, wireless sensor networks

1. INTRODUCTION
Energy-harvesting and energy-neutral sensing systems are
technological cornerstones for wide scale applications in fu-
ture transportation, environmental monitoring and smart
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cities [5], [10], [11]. But, what is the best way to use the
harvested energy? According to some researchers, using the
available harvested energy continually to power the energy
storage systems with losses is beneficial as opposed to fu-
ture use [13]. This might be the obvious choice for systems
in harvesting-rich environments, but would be an issue, es-
pecially for battery-less networks that operate in scenarios
that offer very limited and sparse harvesting opportunities.
With this in mind, the key contributions of this paper are:
(i) a novel, easy-to-use stochastic tool to predict the en-
ergy intake and consumption during the operation of radios
powered by rechargeable heterogenous energy storage-based
platforms under intermittent energy scavenging scenarios;
(ii) easy-to-use closed-form analytical expressions that de-
scribe the steady-state term behavior of such sensing sys-
tems of the future. The paper also studies the interplay
between key design parameters using the proposed analyti-
cal tool.

“The finite cycle life of rechargeable batteries ul-
timately limits the lifetime of a network, even if
all nodes do ambient energy harvesting:” Recharge-
able batteries (RBs), the traditional (and popular) choice
for powering wireless devices suffer from a limited “cycle
life,” which is the number of charge-discharge cycles, typ-
ically from 200 to 1000. Therefore, the proposed research
considers sensors that use supercapacitors (SC) (capacitors
with extremely high Farad values in relatively small pack-
ages and extremely long cycle lives- on the order of millions
of cycles) to temporarily store the harvested energy to route
packets. The aim in [4] was to make the SC large enough
for routine operation, and keep the RB as a “reliable emer-
gency backup,” thereby avoiding daily cycling of the RB.
Other researchers have also investigated exploiting the com-
plimentary gains from both systems [2].

This implies that from a communications point of view, the
SC energy is “free” in the sense that using it does not eat
into it’s cycle life, and therefore preserves the lifetime of
the WSN. Some authors have proposed using SCs alone to
store harvested solar energy. Solar energy is by far the most
powerful source for harvesting, enough to transmit a packet,
recharge, and transmit another packet, and so on. Unfortu-
nately, many important WSN applications lack reliable solar
energy; for example, for fatigue detection on bridges, most
of the sensors needs to be on under the bridge deck. This
is why we want to include heterogeneous or hybrid energy
storage system (HESS) in this paper, because while the SC



energy should be enough to handle the routine reports, the
RB will be necessary if an irregularity is detected and the
sensors must provide larger-than-routine amounts of infor-
mation.

Related Works: The authors of [15] present a general-
ized HESS models and analyze the system performance and
study the tradeoff between two performance metrics, namely
wireless sensor lifetime and energy conversion efficiency. Though
a-periodic ambient energy sources were considered, the math-
ematical framework considered in the paper was largely de-
terministic. Authors in [12] used a Markov chain-based sim-
ulation tool to capture the energy dynamics in a node that
harvested energy. Other than the drawback of not consider-
ing the effects of leakage in capacitors, the energy state tran-
sition probabilities were found empirically, implying that the
results were only good for the experimental setup that was
used. Niyato et. al. stochastically modeled the node sleep-
wake-up patterns to analyze system performance, but the
models focused on nodes activities, while not capturing the
dynamics in energy storage systems [9].

The remainder of the paper is organized as follows: Sec-
tion II details the various modeling assumptions and the
key blocks. The stochastic modeling of the energy dynam-
ics in wireless nodes is explained in Section III. In Section
IV, closed-form expressions of some key performance metrics
are derived along with a discussion of some simulation-based
results, and Section V contains the concluding remarks.

2. MODELING ASSUMPTIONS
Our basic system model assumes a single radio (like a wire-
less sensor device) that is powered by a hybrid energy storage
system comprising a RB and SC, and an energy harvester.
The key blocks modeled in this paper are explained below.

2.1 Energy Storage Model
The hybrid energy storage system comprises a RB and SC
with finite storage capacities N and M energy units (i.e.,
Joules), respectively. The energy conversion efficiencies of
the RB and SC are denoted by ηRB and ηSC, respectively
1 Usually, RBs have lower conversion efficiencies, which im-
pacts the system performance [15]. The self-discharge per
time slot for the RB and SC are denoted by δRB and δSC,
respectively, and the ratio of their discharge rates, δRatio,
where δRatio = δRB

δSC
< 1. As different storage devices have

widely varying self-discharging profiles, we incorporate the
standard discharging equation into our model, i.e., QFinal =
QInitial · e−t/RC = Q0.δRB.

2.2 Energy Harvester Model
We assume a non-solar ambient energy source that is inter-
mittent and weak. Examples energy harvested from vibra-
tions or mechanical strains using piezoelectric materials. It
is remarked that details of the energy harvester are left out

1Energy conversion efficiency implies that for X units of en-
ergy supplied to input circuitry of a RB (or SC), a fraction
ηX units can be stored, an assumption that is consistent
with the state-of-the-art such as [15]. However, it is re-
marked that we are not considering the output conversion
efficiency in our model.

Figure 1: Operation of a node over a single time
slot.

for the purpose of the analysis, but the harvesting and con-
version efficiency have been incorporated in our model as a
parameters. The random energy harvesting/arrival process
is modeled using a discrete-time Poisson distribution with
a rate λ. This is a reasonable assumption as evidenced by
sensor deployments in stairways [7] and on roads [14].

2.3 Load Model
We assume a finite size data buffer with L packets long, and
Tx units of energy consumed per packet. We assume that
only a single data packet can arrive during a time slot, and
model this parameter as a probability, PPacket. It is proposed
to incorporate other loads such as control circuitry, packet
decoding, memory access operations, etc., in a future work.

2.4 On-Board Energy Usage Policy
During each time slot, preference is given to using the en-
ergy on the SC. If the SC has enough energy to support
the transmissions, then it is used, otherwise the energy from
the RB is used as long as the residual energy on the RB
is above the specified depth of discharge (DoD). The pol-
icy, also referred to as communications using hybrid energy
storage systems (CHESS) as defined in [3] is used. When
the residual energy on the RB reaches the DoD, then the
RB is charged, and is not used for packet transmissions un-
til it is fully charged. The motivation is that reducing the
usage (i.e., charging and discharging) of RB will extend the
operation life of the node. Using a partially charged RB
increases the likelihood of battery usage and prolongs the
period before SC can be recharged and used again. For the
same reason, the harvested energy is usually stored on the
SC.

3. STOCHASTIC MODELING OF THE EN-
ERGY DYNAMICS IN A HESS

3.1 Discrete-Time Markov Chain (DTMC)
The operation of the node can be discretized into time slots
as depicted in Fig. 1. At the beginning of each time slot,
the node checks its buffer and estimates its available en-
ergy (based on the charge state) to decide whether it should
transmit. If the node transmits the packets during the time
slot, it then updates its residual energy. The time for this
energy update is negligible and therefore, model this energy
update as being instantaneous. At the end of the time slot,
the energy update includes the energy harvested and the
self-discharge in the energy storage elements, namely, the



RB and SC. In this fashion, we model the energy dynam-
ics in a HESS by exploiting the memory-less property of a
discrete-time Markov chain.

3.2 Energy States of a Node
We define the energy states (measured at the beginning of
each time slot) as a 4-tuple or quadruple: (`, i, j, k), where
` denotes the number of packets in the data buffer of the
node, i denotes the charging state of RB ( i = 0 implies
charging), and j and k denote the residual energies on the
SC and RB, respectively. It should be noted that all the
elements of the 4-tuple are non-negative (i.e., ≥ 0) and are
finite (i.e., <∞). For the sake of simplicity, we assume that
the residual energy on the RB is zero when it has reached its
DoD. This is reasonable because once the DoD is reached,
the RB is rendered incapable of transmitting packets. The
resting multi-dimensional state space is a novel contribution
of the paper, and can be formally defined as:

S = {(`, i, j, k) : ` ≤ L, i ≤ 1, j ≤M, k ≤ N}. (1)

A level in the state space is denoted by `, while the re-
maining three terms in the 4-tuple are used to denote the
states (or phases) within a level. An illustration of the pro-
posed state space is shown in Fig. 2. Next, we lump the
3-tuple, (i, j, k) into a single variable, denoted by x, consis-
tent with the popular radix notation. So, in our model, x
can be decomposed into its constituent variables according
to following formulas:

if x ≤ N , i = 0; else, i = 1,

j =

⌈
x−N · i
N + 1

⌉
− 1, and

k = x− (N · i)− [(N + 1) · j]− 1.

So, the total number of states in the `-th level is given by
U` = (M+1) · (N +1)+N , implying that 1 ≤ x ≤ U`. The

state space from (1) can be re-written as: S̃ = {(`, x) : ` ≤
L, 1 ≤ x ≤ U`}.

It should be noted that in the proposed state space repre-
sentation, only transitions to adjacent levels are allowed. In
other words, a transition to a lower level occurs when a data
packet is transmitted (i.e., the node has enough energy to
support packets transmissions when the buffer is not empty)
and when no new data packets arrive during that time slot.
A transition to a higher level will occur when new data pack-
ets arrive, but no packet transmissions happen during the
time slot. Lastly, there will not be any level transitions when
a single packet is transmitted and a single data packet ar-
rives, i.e., the buffer occupant does not change at the end of
the time slot. These properties enable us to analyze these
level-dependent processes as a quasi-birth-death (QBD) pro-
cess, and use a matrix-geometric method (e.g., [8]) for steady
state solutions of a system. This is explained as in the next
subsection.

3.3 The Energy State Transition Probability
Matrix

First, we order all the states in S̃ lexicographically according
to their levels, i.e., {(0, 1), (0, 2), . . . (0,U`), (1, 1), (1, 2), . . . (1,U`) . . .
. . . (L,U`)}, and generate the transition probability matrix,
P:

P =



B1 B0 0 0 0 · · · · · ·
A2 A1 A0 0 0 · · · · · ·
0 A2 A1 A0 0 · · · · · ·
0 0 A2 A1 A0 · · · · · ·
...

...
...

...
...

...
...

0 0 0 0 A2 A1 A0

0 0 0 0 0 A2 C1


,

where B1, B0, A0, A1, A2, and C1 are U`×U`-dimensional
sub-matrices. B1, A1, and C1 contain the transition proba-
bilities within the same level, B0 and A0 contain the proba-
bilities of transitioning to one of the U` states, one level up,
and C2 to one of the U` states, one level down. Here, B1

and C1 represent the boundary levels, i.e., the levels with
empty and full data queues, respectively.

First, we explain the procedure to construct sub-matrices
that contain the transition probabilities within the same
level, i.e., with index “1.” We denote the initial and final
states in a level using 3-tuples y = (i, j, k) and z = (i′, j′, k′).
Continuing to use the continuous form of the Poisson distri-
bution used in [6], we have

B1(y, z) =



(1− PPacket) · f1,
(1− PPacket) · f2,
(1− PPacket) · f3,
(1− PPacket) · f4,
(1− PPacket) · f5,

A1(y, z) =



(1− PPacket) · f1,
(1− PPacket) · f2,
(1− PPacket) · f5,
PPacket · f6,
PPacket · f7,

where ft, t ∈ {1, . . . , 5} are defined below:

f1 =
e−λλη

−1
SC j
′+η−1

RB(k′−kδRB)

Γ(η−1
SCj
′ + η−1

RB(k′ − kδRB) + 1)
.

f1 is zero everywhere, except in the range (i = 0 ∧ ((i′ =
0 ∧ k′ = [0,N − 1]) ∨ (i′ = 1 ∧ j′ ≤ M − 1 ∧ k′ = N )).
f1 also vanishes argument of the gamma function becomes
negative.

f2 =

[
1−

N−1∑
u′=0

e−λλη
−1
RB(u′−kδRB)

Γ(η−1
RB(u′ − kδRB) + 1)

−
M−1∑
v′=0

e−λλη
−1
SCv
′+η−1

RB(N−kδRB)

Γ(η−1
SCv

′ + η−1
RB(N − kδRB) + 1)

]
.

f2 vanishes everywhere except when (i = 0 ∧ (i′ = 1 ∧ j′ =
M∧ k′ = δRB)).

f3 =
e−λλη

−1
SC (j′−jδRBδRatio)

Γ(η−1
SC(j′ − jδRBδRatio) + 1)

, and



Figure 2: The energy states of a node at each level.

f4 = 1−
M−1∑
v=0

e−λλη
−1
SC (v−jδRBδRatio)

Γ(η−1
SC(v − jδRBδRatio) + 1)

.

Both f3 and f4 are zero everywhere, except in the range
(i = 1 ∧ (j ≥ Tx ∨ k ≥ Tx)) ∧ (i′ = 1 ∧ k′ = bkδRBc) and
j′ ≤M−1 for f3 whereas, j′ =M for f4. f5 = 1, and is zero
except for the range where, (i = 1∧ j < Tx ∧ k < Tx)∧ (i′ =
0 ∧ k′ = bkδRBc). Next, we define that if (j < Tx and k ≥
Tx), (TxC = 0, TxB = Tx), otherwise (TxC = Tx, TxB = 0).
Then, we have the following definitions for f6 and f7.

f6 =
e−λλη

−1
SC (j′−(j−TxC)δRBδRatio)

Γ(η−1
SC(j′ − (j − TxC)δRBδRatio) + 1)

and

f7 = 1−
M−1∑
v=0

e−λλη
−1
SC (v−(j−TxC)δRBδRatio)

Γ(η−1
SC(v − (j − TxC)δRBδRatio) + 1)

,

both of which are zero everywhere, except for the range (i =
1 ∧ (j ≥ Tx ∨ k ≥ Tx)) ∧ (i′ = 1 ∧ k = b(k − TxB)δRBc)
and j′ ≤M− 1 for f6 whereas j′ =M for f7.

B0(y, z) =


PPacket · f1,
PPacket · f2,
PPacket · f4,
PPacket · f5,

A0(y, z) =


PPacket · f1,
PPacket · f2,
PPacket · f5,

A2(y, z) =

{
(1− PPacket) · f6,
(1− PPacket) · f7,

and finally, C1 = (A1 + A0):

C1(y, z) =



f1,

f2,

f5,

PPacketf6,

PPacketf7.

3.4 DTMC Steady State Solution
Let us consider that the state probability vector at any time
instant is given by πππ = [π0,1, π0,2, · · · , π0,U` , π1,1, π1,2, · · · , π1,U` , · · · , πL,U` .
Now, vector πππ can be categorize into sub-vectors accord-
ing to their levels, πππ = [π0π0π0,π1π1π1, · · · · · ·πLπLπL]. Because the
DTMC described here is time-homogenous, aperiodic, and
irreducible, there exists a unique steady-state solution for
the system, implying that

πππ ·P = πππ ⇒ πππ · (P− I) = 000⇒ πππ ·Q = 000, (2)

where, III represents the identity matrix. Notice thatQQQ differs
from the PPP only along the diagonal elemnts. Hence, we
denote B1, A1, C1, the sub-matrices of PPP as B∗1, A∗1, C∗1
in QQQ. Using (2), we get

πππ0B
∗
1 + π1A2 = 0

πππ0B0 + π1A∗1 + π2A2 = 0

...

...

...

πππ`−1A0 + π`A
∗
1 + π`+1A2 = 0

...

...

...

πππL−2A0 + πL−1A∗1 + πLA2 = 0

πππL−1A0 + πLC∗1 = 0,



Table 1: System Simulation Parameters
Storage capacity of RB, M 25 Joules

RB energy conversion efficiency, ηRB 0.7
Self-discharge rate of RB, δRB 0.8

Ratio of self-discharge rates, δRatio 0.7
Storage capacity of SC, N 15 Joules

SC energy conversion efficiency, ηSC 0.9
Data buffer length, L 10 packets

Energy per transmission, Tx 3 Joules
Data packet arrival probability, PPacket 0.5

and the normalizing equation, given by

L∑
`=0

πππ` ·e = 1, where

e is unit vector of dimension U`. Now, to formulate a closed
form steady state solution from the above equations, we pro-
ceed according to the method described in [1] and express
πππ` as a recursive equation:

πππ` = πππ`−1{−A0(A∗1 + R`+1A2)−1} = πππ`−1R`.

Subsequent simplifications and algebraic manipulations yield
πππ` = πππ1R2R3 . . .Rl. Assuming RRR1 = III results in πππ` =
πππ1

∏`
t=1 Rt. Thus, we have

πππ1 · (R0 +

L∑
`=1

∏̀
t=1

Rt) · e = 1.

Finally, we end up with

πππ1 = [000, 1](R0A0 + A∗1 + R2A2)@−1,

where 000 is a row vector of dimension U`−1. The solution to
the above equation provides the state transition probabilities
that were used to analyze the steady-state performance of
wireless devices powered by a HESS.

4. RESULTS AND DISCUSSIONS
In this section we derive key performance metrics using our
novel modeling tool. Consider the complete steady state

probability matrix, G defined as G = [πππ0 πππ1 . . . πππL]
′
, where

′
denotes the transpose of a matrix, and the probability of

individual levels in the system given by PLevel = G.e. Then,
the expected data queue length (in terms of data packets) or
the average number of units in the data buffer can be found
using

D =
L∑
u=0

PLevel(u) · u, (4)

where PLevel(u) represents the u-th element of the vector.
Though not explicit, it is reasonable to assume that D de-
pends on the harvesting rate and the probability of new
packet arrivals sin a time slot, and MATLAB-based simula-
tion results are shown in Fig. 3. As expected, while larger
harvesting rates decrease the number of packets buffered up,
more data packets would ultimately increase render the node
buffer size full. The system-level simulation parameters are
listed in the table below.

Newly arriving data packets are discarded (and hence, lost)
when the buffer is full, and the HESS is unable to support
packet transmission. Therefore, the packet loss probability

Figure 3: Relationship between the expected data
queue length (in terms of data packets), D, and
(a) harvesting rate, λ; (b) probability of new packet
arrivals in a time slot, PPacket.

at each time slot can be expressed as

PLoss =

S∑
v=1

GGG(L, v) · PPacket · q1(v), (5)

where the function q1 is dependent on the state v within a
specific level. It is noted that v is a 3-tuple (i.e., (i, j, k))
as described earlier, and is the argument for the function
q1 as follows: q1(v) = 1, if (i < 1) ∨ (j < Tx ∧ k < Tx),
else q1(v) = 0. Fig. 4 shows the relationship between the
probability of dropping a packet, PLoss and the harvesting
rate, λ, and it should not be surprising that increasing the
harvesting rate reduces the probability. On the other hand,
as more packets arrive during a time slot, the chances that
the node will discard some packets is higher. Another im-

Figure 4: Probability of dropping a packet, PLoss

versus (a) harvesting rate, λ; and (b) probability of
new packet arrivals in a time slot, PPacket.

portant performance metric that will aid in the choice of
on-board hardware for energy scavenging, energy adaptive
algorithms, and power management policies is the probabil-
ity of the node being rendered “inactive,” i.e., the chance of
a node visiting transmission incapable states, and is given
by

PInactive =

L∑
u=0

U∑̀
v=1

GGG(u, v) · q1(v). (6)

5. CONCLUSIONS
This paper has proposed a novel, practical, and convenient
analytical tool to enable prediction of the energy intake and



consumption in radio platforms powered by hybrid energy
storage systems (HESS). HESS exploit both SC and RB
to facilitate a perpetual energy neutral operation without
tapping into the finite cycle life associated with RBs. The
proposed model characterizes the steady-state behavior of
such devices when subjected to sporadic and weak sources
of ambient energy and random data packet arrivals. This
proposed modeling tool is mathematically tractable, and of-
fers rigor during component selection and designing routing
protocols for energy harvesting systems of the future.
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